In this paper, we are concerned with the existence of least energy solutions of nonlinear Schrödinger equations with electromagnetic fields
Introduction
We are concerned with nonlinear Schrödinger equations with electromagnetic potential
where i is the imaginary unit, 2 < p < 2N N −2 for N ≥ 3 and 2 < p < +∞ for N = 1, 2. L A = −(∇ + iA(x)) 2 denotes a Schrödinger operator with a real valued magnetic vector potential A(x) = (A 1 (x), A 2 (x), . . . , A N (x)), where A j (x) is a real valued function on R N for j = 1, 2, . . . , N . Actually, the magnetic field B is nothing but B = curl A if N = 3; in general dimension, B should be thought of as a 2-form where B j,k = ∂ j A k − ∂ k A j and a(x) is a continuous real valued electric potential function on R N .
Our hypothesis on A(x) and a(x) are:
(A 1 ) A j (x) ∈ C α loc (R N , R) ( j = 1, 2, . . . , N ) for some α > 0;
(A 2 ) a(x) ∈ C(R n , R) satisfies a(x) ≥ 0 and Ω := int a −1 (0) is non-empty and has smooth boundary and Ω = a −1 (0); (A 3 ) there exists M 0 > 0 such that µ({x ∈ R N : a(x) ≤ M 0 }) < ∞ where µ denotes the Lebesgue measure on R N .
We compare our problem with the related problem −(h∇ + iA(x)) 2 u(x) + V (x)u(x) = |u(x)| p−2 u(x), x ∈ R N .
(1.1)
In recent years, much attention has been devoted to the study of the existence and uniqueness for one-bump or multibump bound states of (1.1) when A(x) ≡ 0. In [1] , using a Lyapunov-Schmidt reduction, Floer and Weinstein established the existence of a standing wave solutions of (1.1) when N = 1, p = 3 and V (x) is a bounded function having a non-degenerate critical point for sufficiently smallh > 0. Moreover they showed that u concentrates near the given non-degenerate critical point of V whenh tends to 0. Their method and results were later generalized by Oh [2, 3] to the higher-dimensional case with 2 < p <
2N
N −2 and the existence of multi-bump solutions concentrating near several non-degenerate critical points of V ash tends to 0 was obtained.
We also refer the reader to Ambrosetti, Malchiodi, Secchi [4] , Ambrosetti, Badiale and Cingolani [5] , Cingolani and Lazzo [6] , Cingolani and Nolasco [7] , Del Pino, Felmer [8, 9] for the case where A(x) ≡ 0.
There is also much work on (1.1) with A(x) ≡ 0. The existence of solutions of (1.1) has been proved by Lions and Esteban [10] forh > 0 fixed and for special classes of magnetic fields. They found existence by solving a appropriate minimization problems for the corresponding energy functional in the case of N = 2 and N = 3.
More recently, Kurata [11] has proved the existence of least energy solution of (1.1) forh > 0 under a condition relating V (x) and A(x). Cingolani [12] proved multiple results for solutions of (1.1) which concentrate at a single point for smallh > 0 by using topological arguments, and he also proved that the magnetic fields A(x) only contribute to the phase factor of the solitary solutions of (1.1) forh small enough. Moreover, Cingolani and Secchi [13] proved the existence of the one-bump bound states of (1.1) which concentrate at a non-degenerate critical point of V (x) ash goes to zero; Cao and Tang [14] have verified the existence and uniqueness of multi-bump bound states of (1.1) which concentrate simultaneously near several different non-degenerate critical points of V (x) ash goes to zero.
Though Eqs. (S λ ) and (1.1) are related, there is also a distinctive difference. Setting v(x) := u(hx), Eq. (1.1) is transformed to
Similarly, the scaling v(x) :=h 2/( p−2) u(hx) transforms (S λ ) with λ =h −2 to
In all the above mentioned papers on (1.1), it is assumed that V (x) ≥ V 0 > 0 is bounded away from 0. This is not the case in our situation. Ash → 0, the potential vanishes in (1.3) provided a(0) = 0, which we assume. In addition, recall that lim inf |x|→∞ a(x) = 0 is allowed. Thus even at infinity the potential is not bounded away from 0.
Since we do not impose any further assumptions on the behavior of a(x) for |x| → ∞, not much can be said about the spectrum of L A = −(∇ + iA(x)) 2 . In particular, the potential may oscillate for |x| → ∞ producing a complicated essential spectrum.
In this paper, we consider the existence of least energy solutions of problem (S λ ) which localize near the potential well int(a −1 (0)) for λ large, under the condition (A 1 )-(A 3 ). For A(x) ≡ 0, the same problem was considered by Bartsch and Wang [15] . However, in view of the appearance of the electromagnetic potential A(x), we must consider our problem for complex valued functions and so we need more delicate estimates.
Our paper is organized as follows. In Section 2, we describe our main results (Theorems 2.1 and 2.2). Section 3 is devoted to preliminary results. Section 4 contains the proofs of the main results.
We will use the same C to denote various generic positive constants, and we will use o(1) to denote quantities that tend to 0 as λ ( or n) → ∞.
Main results
and hence H 1 A (R N ) is the Hilbert space under the scalar product
and the norm induced by the product (., .) is
A (Ω ) be the Hilbert space defined by the closure of C ∞ 0 (Ω , C) under the scalar product (., .), where Ω := int a −1 (0) is mentioned in Section 1. Thus
Moreover, we have the following diamagnetic inequality (see [10] for example):
and this fact means that if
Remark 2.1. The spaces H 1 A (R N ) and the spaces H 1 (R N ) are not comparable; more precisely, in general
However it is proved by Arioli and Szulkin [16] that if K is a bounded domain with regular boundary, then H 1 (K ) and H 1 A (K ) are equivalent, where
For λ large, the following problem:
is some kind of limit problem of (S λ ). We shall prove that there exist least energy solutions of (S λ ) converging for λ → ∞ to the least energy solutions of (D). Let
with the norms
The energy functional associated with (S λ ) is defined by
We define the Nehari manifold
and let
be the infimum of J λ on the Nehari manifold.
Our main results are:
Theorem 2.1. Suppose (A 1 ), (A 2 ) and (A 3 ) hold. Then for λ large, the infimum c λ is achieved, so (S λ ) has a least energy solution u λ corresponding to c λ . Furthermore, any sequence λ n → ∞ has a subsequence such that u λ n converges in H 1 A (R N ) along the subsequence to a least energy solution of (D) .
As in the case of the least energy solution of (S λ ), any solutions of (S λ ) converge for λ → ∞ towards solutions of (D). More generally, we have the following result.
Theorem 2.2. Suppose (A 1 ), (A 2 ) and (A 3 ) hold. Let u n n ∈ N, be a sequence of solutions of (S λ n )(u n ) with λ n → ∞ and such that lim sup n→∞ J λ < ∞. Then u λ n converges strongly along the subsequence in H 1 A (R N ) to a solution of (D) .
Preliminaries
The main result in this section is the following compactness result. The proof consists of a series of lemmas which occupy the rest of this section. Lemma 3.2. Let K λ denote the set of critical points of J λ . Then there exists σ > 0 independent of λ such that
where C > 0 is independent of λ ≥ 0. Thus we see that there exists σ > 0 such that
Lemma 3.3. There exists c 0 > 0 independent of λ ≥ 0 such that if {u n } is a (P S) c -sequence of J λ . Then
and either c ≥ c 0 or c = 0.
Proof. First we prove that a (P S) c -sequence must be bounded; in fact,
which proves (3.1).
On the other hand, there is C > 0 independent of λ ≥ 0 such that
Thus there exists σ 1 > 0 such that
Hence, u n λ < σ 1 for n large; then by (3.2)
is as required. Proof. From the proof of Lemma 3.3 we know that {u n } is bounded and hence
Lemma 3.5. Let C 1 be fixed. Then for any ε > 0 there exist Λ ε > 0 and R ε > 0 such that if {u n } is a (P S) c -sequence of J λ with λ ≥ Λ ε , c ≤ C 1 , then
where B c
Proof. For R > 0 we set
as n → ∞. Using the Hölder inequality and (3.1) we obtain for 1 < q < N /(N − 2)
where C = C(N , q) is a positive constant and q is such that
(B(R)) denotes the Lebesgue measure of B(R).
Setting θ = N ( p − 2)/2 p, the Gagliardo-Nirenberg inequality yields
From (3.5) the first summand on the right can be made arbitrarily small if λ large. On the other hand, from (3.6) the second summand on the right will be arbitrarily small if R is large since µ(B(R)) → 0 as R → ∞ by assumption (A 3 ). This completes the proof.
The following lemma is well known and we only give the result without proof.
Lemma 3.7. Let λ ≥ 0 be fixed and let {u n } be a (P S) c -sequence of J λ . Then up to a subsequence, u n u in E λ with u being a weak solution of (S λ ) . Moreover, u 1 n = u n − u is a (P S) c -sequence with c = c − J λ (u). Proof. First {u n } is bounded in E λ by Lemma 3.3. Then there is a subsequence of {u n } such that u n u in E λ as n → ∞. In order to see that u is a critical point of J λ we recall that
where 2 * = 2N N −2 is the critical Sobolev exponent. Thus for any w ∈ E λ we have
We consider a new sequence u 1 n = u n − u. We will prove that
and
To show (3.10) we observe
On the other hand we know that u 1 n , u E λ → 0 as n → ∞. Thus from (3.12) we obtain (3.10). In order to show (3.11) let w ∈ E λ . Since L p (R N , C) ⊂ E λ is self-conjugate, up to a subsequence we may also assume that u n u in L p (R N , C). From (3.9) we know that
Thus we have lim n→∞ J λ (u 1 n ), w = 0 for any w ∈ E λ which implies (3.11) and this completes the proof.
Now we come to proving Proposition 3.1.
Proof of Proposition 3.1. We choose 0 < ε < δ 0 c 0 /2, where C 0 > 0 is from Lemma 3.3 and δ 0 > 0 from Lemma 3.4. Then for the given C 0 > 0 we choose Λ ε > 0 and R ε > 0 in Lemma 3.5. We claim that Λ 0 = Λ ε is as required in Proposition 3.1. Consider a (P S) c -sequence of J λ with λ ≥ Λ 0 and c ≤ C 0 . By Lemma 3.7, Recalling the definition of c λ in Section 2 and applying Proposition 3.1 to the functional J λ , we obtain the following corollary.
Corollary 3.8. For any p ∈ (1, 2 * − 1), there exists Λ 0 > 0 such that c λ is achieved for all λ ≥ Λ 0 at some u λ which is a least energy solution of (S λ ) .
Proof of main results
We consider the following problem:
The energy functional associated with (D) is defined by
Comparing with the Nehari manifold M λ , we define the Nehari manifold
:
be the infimum of Φ on the Nehari manifold N .
Since Ω is a bounded domain in R N with smooth boundary, by Remark 2.1, it is easy to see that H Compare with c λ which is defined in Section 2 and c(Ω ); we have the following lemma.
Proof. It is easy to see that c λ ≤ c(Ω ) for all λ ≥ 0. Assume for a sequence λ n → ∞ as n → ∞ such that
Lemma 3.3 implies k > 0 and by Corollary 3.8, for λ large enough, there exists a sequence u n ∈ M λ n , a solution of
We claim that u| Ω c = 0 where Ω c = {x ∈ R N : x ∈ Ω }. In fact, if u| Ω c = 0 then there exists a compact subset F ⊂ Ω c with dist(F, Ω ) > 0 such that u| F = 0. Then by (4.1)
However, since a(x) ≥ ε 0 > 0 for all x ∈ F, for some ε 0 > 0, it follows that
and this is a contradiction.
Next we show that u n → u in L p (R N , C). If not, then by a lemma of Lions [17] , there exist δ > 0, ρ > 0, x n ∈ R N with |x| → ∞ such that lim inf
Then we have
as n → ∞. For the last inequality we have used the Hölder inequality and the fact that
As a consequence of u| Ω c = 0 we obtain
Then there exist α ∈ (0, 1] such that αu ∈ N and hence
This implies
Consequently k ≥ c(Ω ) and hence lim λ→∞ c λ = c(Ω ). This completes the proof.
Now we give the proof of Theorems 2.1 and 2.2.
Proof of Theorem 2.1. It remains to prove that any sequence of {u n } ∈ H 1 A (R n ) with u n ∈ M λ n , J λ n (u n ) = c λ n and λ n → ∞ converges in H 1 A (R n ) along a subsequence to a least energy solution of (D). Since such a sequence must be bounded in H 1 A (R n ) we may assume that u n u in H 1 A (R n ) and u n → u in L θ loc (R N ) for 2 ≤ θ < 2 * . We shall show that u ∈ H 0,1 A (Ω ) is a least energy solution of (D), that is Φ(u) = c(Ω ), u n → u in H 1 A (R n ). As in the proof of Lemma 4.2 we can prove that u| Ω c = 0 whereas u ∈ H 0,1 A (Ω ) and u n → u in L θ (R N ) for 2 ≤ θ < 2 * . Then it suffices to show that Proof of Theorem 2.2. Suppose {u n } ∈ H 1 A (R n ) is a solution of (S λ n ) with λ n → ∞. It is easy to see that such a sequence must be bounded in H 1 A (R n ); we may assume that u n u in H 1 A (R n ) and u n → u in L θ loc (R N ) for 2 ≤ θ < 2 * . As in the proof of Lemma 4.2, we can prove that u| Ω c = 0 whereas u ∈ H 0,1 A (Ω ) and u n → u in L θ (R N ) for 2 ≤ θ < 2 * . Then it suffices to show that u n → u in H 1 A (R n ). We observe that = o(1). Here we use that u n and u lie on the Nehari manifolds M λ n and N respectively. This completes the proof of Theorem 2.2.
